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An equation is derived which descr ibes  the t ransfer  of a mixture mass  with low concen- 
trat ional  expansivity in a thermodiffusion column with a fil ler,  and a s imilar  problem is 
analyzed with the concentrational  expansivity taken into account, when c (1 - c) = const. 
An express ion is obtained for the partition index of a column. The considerable effect of 
lengthwise diffusion on the partit ion process  is noted. 

The partit ion of liquid mixtures by thermodiffusion is affected considerably by s t ray  cur rents  r e -  
sulting f rom variat ions in the working clearance,  in the tempera ture  field, etc. [1], and making it pos-  
sible in pract ice  to attain the theoret ical ly possible partit ion index [2, 3]. In order  to ra i se  the attainable 
partit ion index of,thermodiffusion columns, a mesh grid has been placed in the working clearance [4], the 
inner cylinder has been rotated [5], and porous f i l lers  have been placed in the active volume of columns 
[6, 7]. For  a column operating in the intermittent  mode, the use of porous f i l lers  appears  most  promising.  
The partit ion of binary liquid mixtures in a thermodiffusion column with a porous fi l ler  has been treated 
theoret ical ly  in [8], but the analysis  there contains a few inaccuracies .  Specifically, two mutually ex- 
clusive viscous t e rms  appear unjustifiably in the equation of motion. The authors of [8] have evidently 
used the two concepts of true and effective velocity at the same time. Fur the rmore ,  it is asser ted  in [8] 
that the effect of lengthwise diffusion on the partit ion process  in a porous medium may be disregarded.  
With these objections in mind, we will solve the problem concerning the partition of a binary liquid mix-  
ture  in a thermodiffusion column with a porous filler,  and we will also analyze the effect of lengthwise 
diffusion on the partit ion process .  

We consider  the parti t ion of a binary mixture in a flat column of height L, with a working c learance 
2d << L, and closed at both ends. The left-hand side of the column is maintained at t empera ture  T 1 and the 
right-hand side at t empera ture  T2, where T 1 < T 2. 

The porous fi l ler  in the column is assumed porous and isotropic.  The differential equations desc r ib -  
ing a quasisteady partit ion process  in the column are  

1_~ Vp = _ ix__.v_v q- g [ 1 - -  ~ (T - -  To) - -  7 (c - -  Co)l, 
9 k9 

e ( v v ) c = v ~ [  Vc-ac(1-c) ] T vT ' 
(1) 

(vv) Z = ~ AT, 
r 

Vv = 0. 

The f i rs t  equation in sys tem (1) is the fi l trat ion equation for  a liquid through a porous medium and it 
has been derived by introducing into the Euler equation so-cal led Zhukovskii forces  [9], which descr ibe  
the interaction between the flowing viscous liquid and the porous medium. 
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P a r a m e t e r s / z ,  fi, 7 ,  D, X, P, and c~ in Eqs.  (1) a r e  cons ide red  cons tan t  and a r e  ca lcu la ted  on the 
bas i s  of a v e r a g e  t e m p e r a t u r e s ,  p r e s s u r e s ,  and concen t ra t ions .  We will cons ide r  the two-d imens iona l  
p rob lem in (x, z) coord ina te s ,  de r iv ing  equat ion of m i x t u r e  t r a n s f e r ,  fo r  which the concen t r a t iona l  ex -  
pansion m a y  be omit ted.  Noting that  d << L and d i s r e g a r d i n g  the end ef fec ts ,  we m a y  let u = 0. It will  a l so  
be a s s u m e d  that  the t e m p e r a t u r e  of the mix tu re  does not v a r y  a long the v e r t i c a l  coord ina te  z. As is usua l ly  
done,  we wr i t e  the t he rmod i f fus ion  t e r m s  in the f o r m  (o~/T0)c(1 - c)VT. 

With al l  these  a s sum pt i ons ,  s y s t e m  (1) can be r educed  to the fol lowing s y s t e m  of equat ions:  

1 dP  vv  
- -  + g [ l  - -  ~ ( T - -  To)]; 

9 dz k 

ev 3z V V c To 

d T  2 
- -  O .  

, dx  2 

The solution to the equation of heat conduction will be written as 

T = To + T ~ -  T 1 X. 
2d 

(2) 

(3) 

The ef fec t ive  ve loc i ty  v is de t e rmined  f r o m  the equat ion of mot ion  in (2) with the s ingle  boundary  

condi t ion ~ vdx = 0: 

-6 g~k (T~ - -  T 0 
O ~ X .  

2vd  
(4) 

In order to determine the concentration distribution over a transverse column section, we tem- 
porarily neglect the lengthwise diffusion in (2) as being very small in comparison with the transverse dif- 
fusion. Then, with the aid of (4) and with 3c/3z assumed independent of x, we obtain for the transverse 

m a s s  t r a n s f e r  Jx: 

] ~ =  g~k~(T 2 - T 1 )  . ~ _ ( d  ~_x~). (5) 
4vd  dz  

In de r iv ing  (5) we used the boundary  condi t ion Jx = 0 at  the walls.  Using now (5) and the e x p r e s s i o n  
fo r  the di f fus ion c u r r e n t  ix, we find an  e x p r e s s i o n  for  0c /0x  which, a f t e r  being in tegra ted ,  will  yield the 
ho r i zon ta l  concen t r a t i on  d is t r ibut ion:  

c =c0 + ac (1 - -  e) (T2 - -  T1) x - -  g ~ k ~ ( T ~ - - T 1 )  .__de ( 3 d 2 x _ x 3 ) .  (6) 
2 d T  o 12Dvd dz 

It has  been  a s s u m e d  in this  i n t eg ra t ion  that  c(1 - c) is not a funct ion of x. In se r t i ng  (4) and (6) into the 
d 

equat ion of lengthwise  t r a n s f e r  fo r  a mix tu re  component ,  r = BOG vc - -  - - .  dx, and then in tegra t ing ,  

- -d  

we obtain the equat ion of t r a n s f e r  

"c = He (1  - - c ) - - ( K c  + Kd) dcf_, (7) 
dz 

w h e r e  

H = a9g~ke  (T  2 - -  T1) 2 B d  , 

6vT o 

9g2~2k~e (T2 - -  T~) ~ Bd  s 

Kc = 15Dr ~ ' 

Kd = 2Dp ~ Bd.  

In tegra t ing  (7) over  z will  yield an  e x p r e s s i o n  fo r  the s t e a d y - s t a t e  par t i t ion  index of a co lumn with a 
f i l l e r :  

1063 



Fig.  1. F a m i l y  of ho r i zon ta l  c o n c e n -  
t r a t ion  prof i l es ,  ca lcula ted  a c c o r d i n g  

t o  Eq. (6') f o r  S m =  300, Gr  = 385, 
and v a r i o u s  pe rmeab i l i t i e s  k: 10 -5 c m  2 
(1), 4 " 1 0  -7 c m  2 (2), 10 -7 era 2 (3), 10 "8 
c m  2 (4), and the c o r r e s p o n d i n g  prof i le  
in a c o l u m n  x~ithout f i l l e r  (5). A = (c 

- -  c0)T0/lore 0 (1 - c0)(T 2 - T1)]. 

lnqf = - -  
5aDv L 

2g~k~.Tod~ ( 1 + -~ ) 
_ ( s )  

In o r d e r  to c o m p a r e  the e f fec t iveness  of par t i t ion  in a co lumn with and without  f i l le r ,  we se t  up the ra t io  

In q f 5d 2 

lnqo 63k~ ( 1  + --~-r ) 
(9) 

An ana lys i s  of this  r a t i o  shows tha t  in co lumns  with f i l l e r s  the pa r t i t ion  i n c r e a s e  substant ia l ly .  In 
a co lumn with a 0.12 cm c learaf fce  and f i l led with g l a s s  wool  (k - 4 �9 10 .7 cm2), fo r  ins tance ,  the ra t io  is 
In (qf) / In  (q0) ~ 102. F r o m  e x p r e s s i o n s  (6) and (7) we can find the s t e a d y - s t a t e  t r a n s v e r s e  concen t r a t ion  
prof i le :  

K~ 

w h e r e  the ra t io  K d / K  c can be e x p r e s s e d  as  

K_~d = _ 15 

K~ 2 Gr~Sm 2 k ~ 

In Fig.  1 a f ami ly  of s t e a d y - s t a t e  hor i zon ta l  concen t r a t ion  prof i les  a c c o r d i n g  to Eq. (6') is  shown, 
having the pe rmeab i l i t y  k as  the p a r a m e t e r .  Fo r  c o m p a r i s o n ,  a c o r r e s p o n d i n g  prof i le  in a co lumn without 
f i l l e r  is a l so  shown here .  An ana lys i s  of the cu rves  indica tes  a s t rong  dependence of the par t i t ion  p r o c e s s  
on the pe rmeab i l i t y  and, consequent ly ,  on the K d / K  c ra t io  c h a r a c t e r i z i n g  the effect  of lengthwise diffusion 
We note that,  when the p e r m e a b i l i t y  is low, the hor i zon ta l  concen t r a t i on  prof i le  of a liquid mix tu r e  in a 
co lumn with a f i l l e r  is ident ica l  to the ana logous  prof i le  of a gas  mix tu re  in a co lumn without f i l ler .  

The t r ans i en t  t ime  in a co lumn with a f i l l e r  can  be ca lcula ted  by the f o r m u l a s  in [10], where  the 
t r ans i en t  t r a n s f e r  equat ion is solved without  cons ide r ing  the spec i f ic  f o r m  of the t r a n s f e r  coeff ic ients  H, 
Kc, and K d. 

We wil l  next cons ide r  the case  w h e r e  concen t ra t iona l  expansion m a y  not be d i s r e g a r d e d .  As be fo re  
we let u = 0 and T = T(x). We wil l  a s s u m e ,  in addit ion,  that  the the rmodi f fus ion  t e r m  in Eq. (1) can  be 
wr i t t en  as  (~/T0)c0(1 - c 0 ) ( d T / d x  ). With the in t roduc t ion  of new v a r i a b l e s  v '  = v, e '  = c -Co ,  T '  = T - T o ,  
and P '  = P - g p z ,  this s y s t e m  of equat ions  b e c o m e s  

dP v' 
- - -  = G r T ' + R c ' - - - - ,  dz k 

1 0 6 4  
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Fig. 2. The va lue  of n as  a funct ion of G r .  k a c c o r d i n g  to Eq. (16): a) fo r  Sm = 350 and R s / G r  = 0.25 (1), 
0.1 (2), 0.05 (3), 0.025 (4), 0.01 (5), and b) f o r  R s / G r  = 0.01 and S m =  100 (1), 350 (2), 500 (3), 1000 (4).  

v, ac' _ S m - ~ ( a 2 c  ' d 2c' ) 
az ~ + lap ' ( l O )  

d2T , 
dx 2 

Here  d, v/d,  0 = (T 2 - T1) /2  , and Ov2/d 2 have been  used as  the sca le  quant i t ies  fo r  d i s tance ,  ve loc i ty ,  
t e m p e r a t u r e ,  and p r e s s u r e ,  r e spec t i ve ly .  The boundary  condit ions under  the g iven a s s u m p t i o n s  a r e  

1 

t~ o'dx -- O, 

T ' ( - - 1 ) = - - I ,  T ' ( 1 ) = I ,  

( Oc, dT' ) 
�9 OX - - s - -  = 0,  dx +_ 1 
1 

f ( v ' c ' - - S m  :1.0c' -)dx----O. 
, Oz ] 

- - i  

(11) 

The so lu t ion  to Eqs .  (10) with the boundary  condi t ions  (11) will  be wr i t t en  out in the f o r m :  

T' ~ x, (12) 

v' -- k(Gr + Rs) shnx, (13) 
nchn 

G F  
- - + s  

R Gr 
e' (x; z) = • + sh nx - -  - -  x. (14) 

nchn R 

The magni tude  of the lengthwise  concen t r a t i on  g rad ien t  appea r s  to be cons tan t  and it  is de t e rmined  
f r o m  the las t  boundary  condit ion:  

t 

'v'c'dx 2• (15) 
, Srn ; 
0 

In tegra t ing  (15) g ives  

, thn 
n 4 ~ r  th 2 n + ~ - -  

1 § 2 n 1 = ( 1 6 )  
Gr2( 1 +  R~rr)Sm2k2 
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For  low values of n express ion (16) can be rewri t ten  as 

Rs 

Gr 
n ~ =  

3 

1 - r ~  fir ~Sm 2k 2 

2( 
+ - g -  l + 2 ~ r  

(17) 

Unlike columns without f i l ler ,  
the case of liquids, depends on 0 and this is explained by the lengthwise diffusion evident in such columns. 

The transcendental  equation (16) has been solved numerical ly  on a computer.  The value of n as a 
function of the Grashof  number is shown in Fig. 2a for var ious values of the parameter  R s / G r  and in Fig. 
2b for var ious values of the parameter  Sm. 

columns with a f i l ler  have a lengthwise concentrat ion gradient n which, in 

N O T A T I O N  

v is the effective velocity of the mixture;  
u is the horizontal  component of the velocity; 
v is the ver t ical  component of the velocity;  
T is the absolute tempera ture ;  
T O = (T 1 + T2)/2 is the average  tempera ture  of the mixture;  
c is the concentration; 
c o is the initial concentration; 
P is the p ressure ;  
p is the density of the mixture;  
/z is the dynamic viscosi ty;  
v is the kinematic viscosi ty;  
fl = ( 1 / p ) ( O p / ~ T )  is the thermal  expansivity; 
y = - {1/p) (0p/Sc) is the concentrational expansivity; 
D is the diffusivity; 

is the thermal  diffusivity; 
• is the thermodiffusion coefficient; 
k is the permeabil i ty;  

is the sinuosity; 
is the c learance ratio; 

x is the horizontal  coordinate; 
z is the ver t ica l  coordinate; 
g is the acce lera t ion  of f ree  fall; 
B is the width of working c learance;  
(If is the partit ion index of a column with a fi l ler;  
q0 is the partit ion index of a column without fi l ler;  
H, Kc, K d a re  coefficients in the t rans fe r  equation (7); 
Gr = gfld~0/v 2 is the Grashof number; 
R = gy d3/v 2; 
Sm= v~/D is the Sehmidt number; 
s = ~0%(1 - c)/T0; 
n = ac/az; 
n 2 = g y d 3 ~ / y D .  
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